Introduction
In this paper we prove the transcendence of certain real numbers defined by nonzero digit number and pattern sequences: Let k be an integer greater than 1. We define the k-adic expansion of natural number n as follows, n = f inite q=1 s nq k wn(q) , (1.1) where 1 ≤ s nq ≤ k − 1, w n (q + 1) > w n (q) ≥ 0. Let e j (n) denote the number of counting of j (where j ∈ {1, · · · , k − 1} ) in the base k representation of n. For an integer L greater than 1, we define the sequence (e L (n))
where 0 ≤ e L (n) ≤ L − 1, e(0) = 0. Specifically (e 2 (n)) ∞ n=0 (where k = 2) is known as the Thue-Morse sequence. Now we introduce a new sequence as follows. Define (a(n))
where 0 ≤ a(n) ≤ L − 1, a m ∈ N.
In this article, we prove the following result.
( where N ≥ 0 and l > 0 ) is a transcendental number.
The proof of Theorem 1.1 rests on Proposition 3.1 and the transcendence criterion in [AB1] .
Remark 1.1 If L is a prime number, one can easily deduce Proposition 3.1 by using Corollary 3.1 in [M] .
Moreover we prove the following result, too: Let M > 0 be an integer and
We denote by e P (n) the number of counting of P in the base k representation of n. For an integer L greater than 1, we define the sequence (e
∞ n=0 (where k = 2) is known as the Rudin-Shapiro sequence. Let |P | be the length of P .
Then the authors [MM] , [AB1] proved the following result, too.
is a transcendental number.
In this article we generalize Theorem 1.2 as follows.
The proof of Theorem 1.3 rests on Lemma 2.2 and the transcendence criterion in [AB1] .
Remark 1.2
The results of the case |P | = 1 can be proved by [M] .
Preliminaries
We introduce the following definitions, lemmas and theorems for the proofs of Theorem 1.2 and Theorem 1.3:
Let (a(n)) ∞ n=0 be a sequence with values in C. We say that (a(n)) ∞ n=0 is ultimately periodic if there exist non negative integers N and l(0 < l) such that
An equally spaced subsequence of (a(n)) ∞ n=0 is defined to be a subsequence such as (a(N + tl)) ∞ t=0 , where N ≥ 0 and l > 0. Definition 2.1 Let (a(n)) ∞ n=0 be a sequence with values in C. The sequence (a(n)) ∞ n=0 is called almost everywhere non periodic if all equally spaced subsequences of (a(n)) ∞ n=0 do not take on only one value.
Lemma 2.1 (a(n)) ∞ n=0 is almost everywhere non periodic if and only if all equally spaced subsequences of this sequence are not ultimately periodic.
The proof of this lemma is found in [M] (see Corollary 2.1 in [M] ). The following lemma is used to consider the non-periodicity of (a(N + nl))
(where (a(n))
Lemma 2.2 Let k > 1 and l > 0 be integers. Let t be a non negative integer. Then there exists an integer x such that,
where
Moreover let t ′ be other non negative integer. Then there exists an integer X such that,
The proof of this lemma is found in [M] (see Lemma 3.1 in [M] ).
is a set of all subsequences of the form (a(k e n + j)) ∞ n=0 where e ≥ 0 and 0 ≤ j ≤ k e − 1.
is a finite set. Now we introduce the following lemmas about k-automatic sequences. 
The proof of these lemmas is found [AS1] (see Theorem 2.3, 2.5 and 2.6 in [AS1] ).
The authors [MM] proved the following result.
The authors [AB1] proved the following amazing result by using Schmidt Subspace Theorem.
Theorem 2.2 (AB1) Let β be an integer greater than 1. Let (a(n))
β n+1 is a transcendental number.
Proof of Theorem 1.1
First, we prove the key Proposition for the proof of Theorem 1.1. Proposition 3.1 Let l > 0 be any integer and s be any integer in {1, 2, · · · , L}. Then there exists an integer t such that
Proof. Since Lemma 2.2, we see that there exists an integer x greater than zero such that
where s xl,1 = 1 and w xl (2) − w xl (1) > 1. Put A := w xl (xl(k)) − w xl (1) and X := (1 + k
From (3.3), we get,
This completes the proof of Proposition 3.1. Now we prove Theorem 1.1. By Theorem 2.1 with Lemma 2.3 and Lemma 2.4, then (a(N + nl)) ∞ n=0 ( where N ≥ 0 and l > 0 ) is k-automatic, too. By the fact mentioned above, Lemma 2.1 and Theorem 2.2, we will just prove that (a(n)) ∞ n=0 satifying the assumpution of Theorem 1.1 is almost everywhere nonperiodic. Assume that (a(n)) ∞ n=0 is not almost everywhere nonperiodic. Then, we see that there exist non negative integers N and l > 0 such that
From the above proposition, we see that for any s in {1, 2, · · · , L}, there exists an integer t such that,
Since (3.5), (3.6) and the definition of (a(n))
for all s in {1, 2, · · · , L}. This contradicts the assumpution of Theorem 1.1. This completes the proof of Theorem 1.1.
Proof of Theorem 1.3
Now we prove Theorem 1.3. By Theorem 2.1 with Lemma 2.3, then (e L P (N +nl)) ∞ n=0 (where N ≥ 0 and l > 0 ) is k-automatic, too. By the fact mentioned above, Lemma 2.1 and Theorem 2.2, we will just prove that (e L P (n)) ∞ n=0 is almost everywhere nonperiodic. Assume that (e L P (n)) ∞ n=0 is not almost everywhere nonperiodic, then there exist non negative integers N and l(0 < l) such that
Let M := |P |. Let the k-adic expansion of N be as follows,
From the uniquness of k-adic expansion of natural numbers, (4.1) and (4.2), we get
Since Lemma 2.2, we see that there exists an integer x such that
We will consider the following two cases. CASE 1; b M = 0. We put Q := 2M−1 j=M−1 k j . By Lemma 2.2, we see that there exists an integer X such that 5) where s Xl 1 = 1, w Xl (2) − w Xl (1) > Rxl + M + 1 and w Xl (1) = w xl (1).
The base k representations of Rxl and QXl are as follows,
wx (1) , (4.6)
Since the definitions of Rxl and QXl, we see that the base k representation of (Rx + QX)l is as follows,
. ( On the other hands, by (4.6)-(4.10), we get
This contradicts the fact (4.11).
The base k representations of U xl and W Xl are as follows,
.
(4.14)
By the definitions of U xl and W Xl, we see that the base k representation of (U x + W X)l is as follows,
. ( 
